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Abstract 
Rees, R., The spectrum of restricted resolvable designs with r = 2, Discrete Matksmatics 92 
(1991) 305-320. 
We construct restricted resolvable designs for the remaining eleven orders, thus completing the 
spefctrum for these designs. 
1. Introduction 
A restricted resolvable design R,RP(p, k) is a resolvable edge-decomposition of 
the complete graph K[, into K,. and K,+,, in which there are k parallel classes. 
These designs arise quite naturally in the consideration of certain covering 
problems [S-Y]. An R,RP(p, k) is just a proper k-edge colouring of K,, and so 
exists whenever k >p, or k = p - 1 and p is even. Necessary and sufficient 
conditions for the existence of R,RP(p, k), covering all but eighteen values of p, 
have been determined in a recent series of papers [6-81. 
Theorem 1.0. Let p > 1, p $ {31, 35, 37,41, 43, 47, 49, 53, 55, 59,61,65, 67, 
71, 79,83, 85, 89). There exists an R,RPfp, k) ij and only if [p/2] s k up - I 
and p(k - p + 1) = 0 modulo 3, with the jollowirrg exceptions: 
(i) p = 1 modulo 6 and k = (p - 1)/2, 
(ii) pisoddandk=p-1, 
(iii) p = 3 modulo 6, p # 3 arzd k = p - 2, 
(iv) p = 3 modulo 6, 7 # 9 arid k = p - 3. and 
(v) (p, k) = (6, 3) or (12,6). 
In this paper we show that the restriction p # 49, 53, 55, h!, 65. 67, 71, 79. 83. 
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85, 89 can be dropped from the hypothesis of Theorem 1.0. In Section 2 we deal 
with the orders p = 79, 83, 85 and 89, and in Section 3 the orders 49, 53, 55, 61, 
65,67 and 71. Designs for the remaining seven orders, i.e. p = 31, 35, 37, 41, 43, 
47 and S9, are constructed using direct methods; these constructions can be found 
in the Technical Report [3]. Thus our work here completes the spectrum for 
restricted resolvable designs with r = 2. It will be assumed that the reader is 
familiar with the terminology, notation and constructions from [5,6,7]. For 
brevity, RzRP will be condensed to RRP. We will make direct use of the 
following. 
Construction 1.1 [6, Construction 2.21. Suppose that there is a resolvable 
2,3-GDD of type S with replication number k and that for each si E S there is an 
RRP(Sj, k’). Then there is an RRP (C Sj, k + k’). 
Construction 1.2 [6, Construction 2.41. Ler (X, G, B) be a 2,3-frame in which hole 
Gi has degree d;, i = 1, . . , , j. Suppose that for each i = 1, . . . , j - 1 there is an 
RRP(JG,J + W, dj + d)-RRP(w, d) and that there is an RRP(]GjI + W, dj + d). Then 
there is an RRP(w + C [Gil, d + Z d;). 
Lemma 1.3 [4, Section 3C]. There exists an RRP(p, p - 4) for every odd integer 
p 29. 
2. p=79, 83,85,89 
We construct these designs recursively, in the same fashion as the bulk of the 
designs in [6] and [7] were constructed, i.e. we construct frames by applying 
weight 6 to group-divisible designs with block size four. Then we ‘fill in the holes’ 
using Construction 1.2. We begin by recalling Lemma 3.3 of [5]: 
Lemma 2.1. Let d,, d2, dg, d4 be bttegers, 3 G di s 6. There exists a 2,3-frame of 
type 6’ with holes HI, Hz, HJ, H4 such that hole Hi has degree di, 1 G i < 4. 
We will employ 4-GDDs of types 3’ and 2’. according to Table 1. 
Construction 1.2 is thcu applied, according to Table 2. 
The only designs that are not constructed by Table 2 are RRP (83, k) where 
k =43, 46, 49. These are obtained by deleting a point from a resolvable 
TD(3,28) and applying Construction 1.1, filling in, respectively, RRP(28, 15)s 
and an RRP(27.15); RRP(28.18)~ and an RRP(27, IX); or RRP(28,2i)s and an 
RRP(27,21). 
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Table 1 
P 4-GDD of type Remarks 
79 
83 
89 
Table 2 
34 
34 
2’ 
3” 
2’ 
Resulting frames have type 1g4; 
add 7 ideal points (79= 12 a6 + 7). 
Resulting frames have type 1g4; 
add 11 ideal points (83 = 12 . A + 
11). 
Resulting frames have type 12’; 
add 1 ideal point (85 = 14 - 6 + 1). 
Resulting frames have type 184; 
add 13 ideal points (85 = 12.6 + 
13). 
Resulting frames have type 12’; 
add 5 ideai points (89 = i4 .6 + 5). 
79; 42~k aSi 
79; 51sks7S 
83; S2ck s79 
85; 4Ssk ~63 
89;46sks64 
RRP{‘(?.:. !5)-RRP(?. 6) 
RRP(25.18)-RRP(7.6) 
RRP(25, 15) 
RRP(25, 15)RRP(7.3) 
RRP(25. l8)-RRP(7.3) 
RRP(25.21)RRP(7.3) 
RRP(25.15). RRP(25.18). 
RRP(25.21) 
RRP(29. 19)-RRP( 1 I, 7) 
RRP(2Y, 22)RRP( I I. 7) 
RRP(29.25)RRP( 11.7) 
RRP(29. 16). RRP(29. 19). 
RRP(29.22). RRP(29.25) 
RRP( 13. ‘I)-RRP( 1.1) 
RRP( 13. IO)-RRP( I. i ) 
RRP( 13.9) 
RRP(31,24)-RRP( 13.9) 
RRP(31,27)-RRP( 13.9) 
RRP(31, IX), R.RP(Sl. 21) 
RRP(31.24). RRP(31.27) 
RRP( 17. Y)-RRP(S. 3) 
RRP(l7. I2)-RRP(5.3) 
KRP( 17. HI) 
RRP( 17. It))-RRP(5. I) 
RRP(17. I.I)-RRP(5, I) 
RRP( 17. It)). RRP( 17. 1.1) 
Remove !Ivo p&t: fro;?i i gluup in a 
resolvable TD(3.9). Pill in RRp(9.6)~. 
Appendix 
Theorem I .O 
Appendix 
Appendix 
Appendix 
Theorem 1 .O 
17. Section 3) 
17. Section 3) 
Appendix 
Theorem I .O 
17. Lemma 3.6) 
14, Section 36) 
Theorem 1 .O 
I-1. Section 21 
Thcrc is an NKTS( IX)-NKTS(6). 
by Brouwcr 11 I. Remove a point from 
the ‘missing’ suhdcsipn. 
Appendix 
‘Thcorrm I .O 
Appendix 
Appendix 
Thcorcm I .tt 
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3. p = 49,53, 55, 61, 65, 67, 71 
Most of the designs corresponding to these orders will be constructed 
recursively, using frames as in Section 2; however, in this case we will build our 
frames by applying weight four to group-divisible designs with block size four. We 
will therefore need the following analogue of Lemma 2.1. 
Lemma 3.1. Let d,, d2, d3, d, be integers, with each di = 2, 3 or 4. There is a 
2,3+ame of type 44 with holes H,) Hz, &, Ha such that hole Hi ha degree di, 
i = 1,2,3,4. 
Proof. We begin with an observation. In each of our frames, a hole of degree 
two will correspond to two A-factors. Now, up to isomorphism, there is only one 
way to arrange two A-factors on 12 points, viz: 
ABC AEI 
DEF DHL 
GHI GKC 
JKL JBF. 
Note that we can break each triple into its constituent pairs and then arrange 
these pairs into four l-factors: 
BF EI BC EF 
HL KC HI KL 
AC DF JF AI 
DE GH GK JB 
GI JL DL GC 
JK AB AE DH. 
That is, a hole of degree two can always be converted to a hole of degree four. It 
is, therefore, necessary only to construct frames with di = 2 or 3. 
Case: di = 2, i = 1,2,3,4. 
We use the following incomplete orthogonal array (i.e. a TD(4,6)-TD(4,2)), 
which appears in [2] (we have rearranged the columns): 
55556666 12341234 12341234 12341234 
1234123455556666 14232314 32414132 
1423324113422431 55556666 31244213 
24313124 34124321 12342143 55556666. 
By identifying symbol i in row j with the = 1, point ij (i 2, 3, 4, = 5,6; j 1, 2, 3, 
and deleting the points 5j, 6j for j = 
4) 
1, 2, 3, 4 we get the following frame: 
Holes: lj 2j 3j 4j j = 1, 2, 3, 4 s 
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Holey parallel classes: 
12 13 24 1, 13 34 1, 12 14 1, 32 33 
2z 43 44 2, 33 44 2, 42 24 2, 22 l3 
32 23 34 3, 43 14 3, 22 34 3, 4~ 23 
42 33 l4 4, z3 24 4, 32 44 4, 12 43 
12 33 34 11 23 44 11 22 24 1, 42 4 
22 23 14 21 43 34 21 32 14 21 12 23 
32 43 & 31 33 24 31 12 44 31 32 13 
42 13 44 41 13 14 41 42 34 4, 22 33. 
Case: dt = 2, i = 1,2, 3. 
Points: (iz, X { 1,2,3,4}) U {ml, a2, a3, m4}. 
Holes: {{j} X (1, 2, 3, 4): j=O, 1, 2) U {{wl, a2, a3, 0~~)). 
Holey parallel classes: 
001 01 12 05 13 04 
002 02 13 w2 14 01 mod 3. 
“3 4 14 003 11 4 
034 04 11 a4 12 03 
0,1,2, 0113 0214 0123 0224 
02 12 22 . 1, 23 12 24 . 1, 03 12 04 
4 13 23 ’ 2, 4 22 04 ’ 21 13 22 14 
04 14 24. 
Case: di = 2, i = 1, 2. 
Points: Z4 x {1,2,3,4}. 
Holes: {{j} X (1, 2,3,4}: j = 0, 1,2, 3). 
Holey parallel classes: 
1, 22 32 11 24 33 0, 13 33 
122333 
mod4 
. 122134 . %1d4 
13 24 34 ’ 13 22 3, ’ 4 11 3, 
14 21 31 14 23 32 04 12 32 
0, 21 91 23 2, 33 23 3, 0, 14 03 12 14 22 12 24 
33 02 3, 04 ; 02 22 04 24 ; 22 04 24 02 ; 04 13 4 1, 
22 34 24 32 34 03 32 0, 13 2, 1, 23 2, 03 23 0,. 
Case: di = 2, i = 1. 
Points: H4 X { 1,2,3,4}. 
Holes: {{j} X (1, 2, 3,4): j = 0, 1, 2, 3). 
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Holey parallel classes: 
1, 3;? 23 1, 22 33 
12 33 24 mod4 . I?, 23 34 ; 0, 12 03 14 ; 1, 32 L 34 ; 
13 34 2, 
’
1.7 2, 3, 32 02 34 04 02 13 okI 1, 
14 3, 22 14 21 32 13 33 1, 3, 33 03 3, 0, 
0, 34 0, 32 34 24 32 22 0, 23 02 24 23 1.7 24 14 
24 0, 22 02 ; 04 33 02 3, ; 13 03 L 04 ; 03 2, 04 21 
33 23 31 2, 23 03 2, 0, 2, 1, 22 12 1, 0, 12 02. 
Case: dj = 3, i = 1, 2, 3,4. 
Points: (Z, X { 1,2,3,4}) U {w,, m2, m3, ma}. 
Holes: {{j}X{1,2,3,4}: j=O, lr2}U{{ml,~2,~~,~4}} 
Holey parallel classes: 
031 1, 03 9 12 9 14 01 11 2, 
9 12 Ql . 002 0, . 002 03 . 0, 12 . 0, 14 . 02 12 22 
5 9 13 0, 9 14 ’ ’ 
mod 3 
9 12 03 14 ’ 0.7 12 ’ 03 13 23 
ma I4 !!L M 4 03 M 4 QI 04 14 24 
1, 4 1, 0.4 
13 04 13 02. 
This completes the proof of Lemma 3.1. Cl 
We construct our frames by applying weight 4 to 4-GDDs of types o’, 3” and 44, 
according to Table 3. 
Now apply Construction 1.2, according to Table 4. 
Table 3 
? (I-GDD of type Remarks 
49 34 
53 34 
55 34 
61 3” 
65 44 
67 44 
71 44 
Resulting frames have type 124; 
add I ideal point (49= 12.4+ I). 
Resulting frames have type 12j; 
add 5 ideal points (53 = 12.4 + 5). 
Resulting frames have type l2j; 
add 7 ideal points (55 = 12.4 + 7). 
Resulting frames have type 12’; 
add 1 ideal point (61 = I5 - 4 + 1). 
Resulting frames have 16”; type 
add I ideal point (65 = 16.4 + 1). 
Resulting frames have type 16’; 
add 3 ideal points (67 = I6 - 4 + 3). 
Resulting frames have IS’; type 
add 7 idcal points (71 = I6 - 4 t 7). 
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Table 4 
p;k Input designs Source 
49: 27sks36 
53; 28sks37 
53; 37sk=z49 
55; k = 39, 42 
61;33sks45 
65; 4Oskc52 
67; k =42 
67; 45ske57 
71; 37sk s61 
RRP( 13,7)-RRP( 1, 1) 
RRP(13,10)-RRP(1,1) 
RRP( 13.9) 
RRP( 17,9)-RRP(5.3) 
RRP(17,12)-RRP(5,3) 
RRP( 17,lO) 
RRP(17, IO)-RRP(5, 1) 
RRP(17.13)-RRP(5.1) 
RRP( 17, lo), RRP( 17, 13) 
RRP( 19,13)-RRP(7.4) 
RRP(19,12), RRP(19.15) 
RRP( 13,7)-RRP( 1,l) 
RRP(13, IO)-RRP( I, 1) 
RRP( 13.9) 
RRP(l7.10). RRP(17,13) 
RRP(19,12)-RRP(3.2) 
RRP( 19.12) 
RRP( 19.12). RRP( 19.15) 
RRP(23,12)-RRP(7.4) 
RRP(23,18)-RRP(7,4) 
RRP(23,13), RRP(23,16), 
RRP(23.19) 
17, Lemma 3.61 
(4, Section 3Bj 
Theorem 1 .O 
See Table 2 
Appendix 
Theorem I .O 
Appendix 
Appendix 
Theorem I .O 
[7, Lemma 3.61 
Theorem 1 .O 
17, Lemma 3.61 
14, Section 381 
Theorem 1.0 
Theorem 1.0 
Appendix 
Theorem I .O 
Theorem 1.0 
Remove a point from a resolvable 
TD(3.8) and fill in RRP(8,4)E 
[7. Lemma 4.31 
Theorem I .O 
The following designs have yet to be constructed, not being covered by Table 4 
or Lemma 1.3: 
p=49,k=39,42; p = 55, k = 30,33, 36,45,48; 
p =61, k =48,51,54; p = 65, k = 34, 37,55,58; 
p = 67, k = 36,39,60; p=71,k=64. 
RRP(49,39). Point set Z27 U {ai: 1 s i 6 22). 
Form a parallel class by taking the blocks 0,5,14 1,13 together with the 
twenty-two pairs obtained by matching off the Ui’S with the remaining residues in 
&. Develop this class mod 27. Twelve classes on kz7 are obtained by developing 
the blocks 0,1,3 2,8 4,14 6,25; and 0,4,11 mod27 (the first set of blocks covers 
each residue mod 9 once, and the triple covers each residue mod 3 once). Then 
construct an RRP(22,12) on {a,, a2, . . . , Use}. 
RRP(49,42). Point set ZJo U {Ui: 1 s i s 19). 
Form ‘a parallel class by taking the blocks 2.14 3,13 16,29 18,27 21,22,24 
together with the nineteen pairs obtained by matching off the Ui’S with the 
remaining residues in Zj!!. Develop this class mod 30. Twelve classes on 7?(! are 
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obtained by developing the blocks 0,4,11 2,8; 05 1,9 2,16; and 0,lS mod 30 (the 
first set of blocks covers each residue mod 5 once, and the second set covers each 
residue mod 6 once). Then construct an RRP(19.12) on {a,, u2, . . . , alu}. 
RRP(SS,30). Remove five points from a group in a resolvable TD(3,20) and 
apply Construction 1.1, filling in RRP(20,lO)s and an RRP( 15,lO). 
RRP(55,33). Point set (&, X { 1,2,3,4,5,6,7}) U {Qi: 1 S i S 13). 
Twer.ty=four na+aM classes: r------ 
a, 07 22 %I5732 1, 16 at 0, 26 %x5336 11 44 
(12 0, 23 a9 51 33 12 14 (12 04 27 a9 55 37 12 4s 
63 02 24 c-i,,, 5, 34 13 I; 
4; 
UJ 0s 21 a!?! 55 31 l? 4, 
a4 03 25 a11 53 3s 41 ; Q4 Qi 22 a11 5, 32 14 47 ; 
6 04 26 a12 54 36 4, 47 a, 07 23 (112 57 33 is 4, 
% 0s 27 ai3 55 37 44 46 Qc, 0, 24 al3 5, 34 I6 42 
a7 06 21 56 3, 4s 17 Q7 4 25 52 3.5 17’4~ 
al 04 1s a, 34 2s 41 51 QI 31 a, s2 07 27 
02 0s 16 6 35 2, 42 52 ~2 42 al,, 53 0, 3? 04 
a3 06 17 a,o3c,27 4~553 ; Q343 a1144 02330s mod 6 
a4 07 1, all 37 2, 44 54 Q4 14 a,, 4s 0.3 34 06 
Qs 01 12 012 31 22 4s 55 as 3s UlJ 5, 54 5s 57 
a6 02 13 aI3 32 23 46 56 a, 36 2, 22 1s 46 1, 
a7 03 14 33 24 47 57 a7 37 2~ 24 1, 47 12 
ax 5, 2s 26 17 4, 13. 
Nine classes on Z, X { 1,2,3,4,5,6,7}: 
0, 22 I4 5, 32 44 0, 2, 4, 01 3, 01 4 
02 & Is 52 3~ 4s 02 22 d2 02 32 02 03 
0.~ 24 16 55 34 46, 03 2s 43 03 33 04 3s 
04 25 17 54 3s 47 ; 04 24 44 ; 0, 34 ; Of, 3, mod 6 
OS 2, 1, 5s 3, 4, OS 2s 4s OS 35 
0, 27 12 56 37 42 ofi 2h 4, a 07 
07 2, 13 57 3, 43 07 37 
Now construct an RRP(13,9) on {a,, a?, . . . , u,~}. 
RRP(S§, 36). Point set (Z, X (1, 2, 3,4, 5,6, 7)) U {Ui: 1 S i G 13). 
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Twenty-seven parallel classes: 
al 07 22 %5732 1, 1, aI 03 2a %5J3fl 114, 
Q2 0, 23 a9 51 33 12 14 a2 04 27 a9 54 37 12 45 
a3 4 24 alo 52 34 13 15 a3 4 21 al,, 55 31 13 4h 
a4 03 25 a11 53 3s 41 43 ; a4 ofl 22 a11 56 32 14 47 ; 
us 04 ai aI2 54 3, 42 47 as 4 23 012 57 33 15 4, 
a6 05 27 no 3 55 37 44 4n as 0, 25 al3 51 34 1, 42 
a7 ori 21 56 3, 45 17 a7 02 25 52 35 17 4, 
a9 53 
u IO 53 
Uli 4.l 
012 55 
l-J13 56 
07 27 
13 17 
21 22 
23 24 al 44 QIO Sh 1, 36 
2 5 2, Q2 1s alI 27 22 3, 
11 45 Q3 06 l-J12 4, 24 33 
41 57 a4 17 a13 42 25 4, 
0, 32 04 ; us 2, 0, 37 2, 3s mod 6 
02 33 OS a, 02 03 23 4, 47 
03 34 06 Q7 13 1, 43 51 57 
15 46 1, aI+ 54 12 32 52 53 
16 47 12 a, 5s 14 31 04 4 07 
aI (1 +& (2 + OS oh (1 +ih (2+i), a,, (4+i), (5+i), iz (3+i): 
a2 (l+i), (2+i), a7 (l+i), (2+i), ulz (4+i)z (5+i), i, (3+i), 
a3 (1 + iJ7 (2 + i), a8 (4 + i)> (5 + iJs 01, (4 + i)> (5 + iL iJ (3 + iL 
ad (1 +i), (2+i), au (4+i), (5 +i)h (4+i), (5 +i)d i, (3 +i), 
i = (), 2, 4. 
a, (l+i), (2+$ a,,, (4+i), (5+i), i, (3+i), i, (3 + iL, 
i, (3 + i)7 
Nine classeson &,X {1,2,3,4,5,6,7}: 
0, 22 14 5, 32 44 
0223 1s 52334.5 
03 24 lh 53 34 4f, 0, 2, 41 
0, 25 17 54 35 47 ; 12 03 
OS 26 1, 55 3, 4, 14 OS mod 6. 
& 27 12 5, 37 42 Ai 07 
07 2, 13 57 3, 43 
q I,+, lj 2j+l 
2j 3j+l ; 3j 4j+l j=1,2,..., 7 (addition mod 7). 
4j s,+1 si Oj+l 
Now construct an RRP(13.9) on {a,, uz, . . . , u,.~}. 
RRP(§S,QS). Point set PJJ U {ai: 1 c i d 21). 
Form a parallel class by taking as blocks 0.16 2.17 1.3.4 5.9.15 6.14.26 together 
with the twenty-one pairs obtained by matching off the u,‘s with the remaining 
residues m BJZ. Develop this class mod 34. Eleven one-factors on Z,, are obtained 
314 8. Rees 
by developing the pairs 0,5 0,7 0,9 0,ll 0,13 and 0,17 mod 34 (the first five pairs 
each generate two one-factors). Then construct an RRP(21 ,ll) on 
{ ai, a2, - - - 9 &d- 
RRP(55,48). Point set Zx U (Ui: 1 f i d 19). 
Form a parallel class by taking as blocks 1,17 3,15 4,14 6,12 19,34 20,33 22.31 
25,26,28 together with the nineteen pairs obtained by matching off the ai’S with 
the remaining residues in Zx. Develop this class mod 36. Twelve classes on ZS6 
are obtained by developing the blocks 0,4,11; 0,s 1,9 2,16; 0,17 and 0,18 mod 36 
(the first set of pairs covers each residue mod 6 once, and the triple covers each 
residue mod 3 once). Then construct an RRP(19,12) on {a,, u2, . . . , u,~}. 
RRP(61,48). Point set Z$ X (1,2,3,4,5,6} U {Ui: 1 d i G 15). 
Thirty parallel classes: 
aI 21 4 a8 OS aIS 55 a22 % a1 34 ax 14 16 u1S 4 6 a22 1, 
a2 12 13 a9 2s %6 3 3 a2-3 11 02 35 (19 21 25 416 06 a23 4 
a3 23 04 alo 01 Ql7 34 u24 42 a3 36 &O 22 26 a17 51 u24 23 
44 14 15 411 56 Ql8 3 5 %i 43 ; a4 3, Qll 12 a18 52 a25 4 ; 
US 2s O6 012 51 O19 1 6 4, 32 u5 32 @I2 43 U19 53 42 
:3 
u6 22 U13 5 2 020 31 4 54 a6 01 4 Q13 44 U20 54 04 55 
a7 24 a14 53 u21 44 4S 36 a7 13 1s Q14 4s Q21 OS 56 41 
al 23 
a2 24 
a3 2s 
a4 26 
as 41 
(16 35 
Q7 31 
ul l6 
a2 11 
a3 12 
a4 13 
US 14 
u6 46 
a7 22 
a8 32 a15 12 14 422 42 QI 15 ax 21 a15 53 e! 4 4 
a9 13 ul6 55 a23 4 3 a2 l6 a9 22 u16 O1 32 %3 4S 
a10 3 4 aI7 5 6 a24 4 4 Q3 1, alo 2 3 a17 02 33 424 46 
Qll 01 04 ala 51 %s 4 5 ; a4 12 all 5s a18 4 34 a25 4, ; 
a12 4 05 QI9 52 21 54 0s 43 (112 56 a,9 04 3s 3, 13 
ul3 4 06 u20 53 33 15 a6 14 aI3 5, u2O OS 36 52 25 
(114 11 16 a21 36 % 22 a7 26 a14 54 (221 42 24 06 
(38 23 aIs 4 1 022 4 35 
a924 4,654 %!3 0 4 3 6 
alo 25 a17 5 5 u24 OS 31 
a11 4 3 u18 56 u25 O6 32 mod 6 
a12 44 a19 21 53 26 
a13 4 5 a20 02 1s 51 
a14 4 2 a21 01 33 52 34 
Eighteen classes on Z, x { 1,2,3,4,5,6}: 
01 12 24 06 1, 23 3s 42 01 22 1, 33 5, 43 
4 13 2s 3, 44 36 43 02 23 12 34 52 44 
O3 l4 26 32 45 51 52 ; 03 24 13 35 53 4s ; 
04 1s 2, 33 46 53 54 O4 25 14 36 54 46 
OS l6 22 3, 41 55 56 OS 2, 1s 3, 5s 4, 
06 21 L 32 Sh 42 
The spectrum of restricted resolvable designs with r = 2 315 
01 31 03 33 0, 35 
11 2, 23 b 25 4s 
41 51 53 13 55 15 
f&3, 04334 063, 
; 2; 
12 22 14 24 16 26 
2 o3 mod6 
4 5 
42 52 44 54 46 56 
i, (3 +i)6 
Oj 2j 4j 43 53 (3+i), i6 
lj3j5j 05 15 j=l,2,4,6 ; i2 (3+i), i = 0, 2, 4. 
03 13 25 35 (3 + i)2 i4 
23 33 45 55 (1 + i)3 (2 + i)3 
(1-b 95 (2 + i)5 
Now construct an RRP(25,18) on {a,, u2, . . . , az5}. 
RRP(61,51). Point set Z&U {a,: 1 S i G 21). 
Form a parallel class by taking the blocks 0,1,3 2,6,11 4,10,17 5,13 8,18 9,20 
7,19 12,28 together with the twenty-one pairs obtained by matching off the Ui’S 
with the remaining residues in Z&. Develop this class mod 40. Eleven one-factors 
on ,&, are obtained by developing the pairs 0,14 0,15 0,17 0,18 0,19 and 0,20 
mod 40 (each of the first five pairs generates two one-factors). Then construct an 
RRP(21,ll) on {a,, u2, . . . , u2,}. 
RRP(61,54). Point set Z42 U {u,: 1 S i S 19). 
Form a parallel class by taking the blocks 1,21 2,20 3,19 5,17 6,16 8,14 23,40 
24,39 25,38 27,36 30,31,33 together with the nineteen pairs obtained by matching 
off the Ui’S with the remaining residues in &. Develuy tSs class mod 42. Twelve 
classes on Z42 are obtained by developing the blocks 0,4,11; 0,5 1,9 2,16; 0,19 and 
0,21 mod 42 (the first set of pairs covers each residue mod 6 once, and the triple 
covers each residue mod 3 once). Then construct an RRP(19,12) on 
{ u1,a2,-.-, ad. 
RRP(65,34), RRP(65,37). Remove a point from a resolvable TD(3,22) and 
apply Construction 1.1, filling in either RRP(22,12)s and an RRP(21,12), or 
RRP(22,15)s and an RRP(21,15). 
RRP(65,55). Point set EMU (ai: 1 s i s 21). 
Form a parallel class by taking the blocks 0,1,3 2,6,11 4,10,17 5,13 8,18 9,20 
7,19 12,28 14,32 15,35 together with the twenty-one pairs obtained by matching 
off the ai’s with the remaining residues in Z,++ Develop this class mod 44. Eleven 
one-factors on H.+, are obtained by developing the pairs 0,14 0,15 0.17 0,19 0,21 
and 0,22 mod 44 (each of the first five pairs generates two one-factors). Then 
construct an RRP(21,ll) on {a,, a2, . . . , a2,}. 
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RRP(65, 58)e Point set Za U {q: 1 S i G 17). 
Form a parallel class by taking the blocks 1,23 2,22 3,21 4,20 618 7,17 9,15 
24,47 25.46 26,45 27.44 28,43 29,42 31,40 34,35,37 together with the seventeen 
pairs obtained by matching c- ff the q’s with the remaining residues in Z&. 
Develop this class mod 48. Ten classes on Z, are obtained by developing the 
blocks 0,4 1,8 3,ll; 0,516; and 0,24 mod48 (the first set of pairs covers each 
residue mod 6 once and the triple covers each residue mod 3 once). Construct an 
RRP(17,lO) on {a,, u2, . . . , a17}. 
RRP(67,36), RRP(67,39). Remove two points from a group in a resolvable 
TD(3,23) and apply Construction 1.1, filling in either RRP(23,13)s and an 
RRP(21,13), or RRP(23,16)s and an RRP(21,16). 
RRP(67,60). Point set Zm U {ai: 1 c i G 19). 
Form a parallel class by taking the blocks 1,23 2,22 3,21 4,20 519 6,18 9,15 
24,47 2546 2744 28,43 29,42 32,39 34,35,37 together with the nineteen pairs 
obtained by matching off the ai’S with the remaining residues in i&. Develop this 
class mod 48. Twelve classes on & are obtained by developing the blocks 0,4 1,6 
2,115,15; 0,8,19; and 0,24 mod 48 (the first set of pairs covers each residue mod 8 
once, and the triple covers each residue mod 3 once). Construct an RRP(19,12) 
on {a,, u2, . . . , hJ. 
RRP(71,64). Point set H54 U {Ui: 1 G i S 17). 
Form a parallel class by taking the blocks 1,27 2,26 3,25 4,24 5,23 6,22 7,21 
8,20 lo,18 28,53 29,52 30,51 31,50 32,49 33,48 34,47 36.45 39,40,42 together with 
the seventeen pairs obtained by matching off the ai’s with the remaining residues 
in &. Develop this class mod 54. Ten classes on Zs4 are obtained by developing 
the blocks 2,7 5,12 6,17 0,4,10; and 0,27 mod54 (the first set of blocks covers 
each residue mod9 once). Now construct an RRP(17,lO) on {a,, a2, . . . , aiT}. 
4. Conclusion 
In a recent paper [9], Stanton surveyed the g”‘( 1,2; V) and gtk’(l, 3; V) 
covering problems. With the spectrum for restricted resolvable designs with r = 2 
now completed, we can update Stanton’s survey with the following result. 
Theorem. Let k > 0 and 2k + 16 v G 3k. The Stinson (S) bound for gtk)( 1,2; V) 
b sharp whenever it is integral, that is, 
gCk’(l, 2; v) = (S) = 1 + $ (v - k)(4k - (v - k) + l), 
with the following exceptions (for which gtk’(l, 2; v) is known to exceed the (S) 
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bound): 
(i) kiseuenandv=2k+l, 
(ii) k = 1 modulo 6 and u = 2k + 2, 
(iii) k = 0 modulo 6, k 2 12 and v = 2k + 3, and 
(iv) (v, k) = (9, 3) or (18, 6). 
Appendix 
RRP(17,10)-RRP(S, 1). Point set (Z, x { 1,2,3,4}) u {a;: 1 s i s 5). 
Nine parallel classes: 
aI 0, 4 as 2, aI 14 a5 4 a, 23 Qs 03 04 
a2 11 22 23 a2 12 23 1, 24 a2 24 11 22 13 
a3 03 14 12 04 24 ; a3 22 2, 0.1 13 ; a3 0, 2, l2 l4 mod 3. 
a4 13 a4 0, 0, a4 02 
0neclassonZSx{1,2,3,4}: 
0, 11 2, 03 24 
4 12 22 13 04 
23 14 
RRP(17,13)-RRP(S, 1). Point set Z,2 U {a;: 1 s i s 5). 
a,0 a59 
a2 2 1,5 
a33 6,ll ; 096 mod 12. 
a4 4 7,8, 10 
RRP(19,12)-RRP(3,2). Point set (Z4 x { 1,2,3,4}) U {a,, a,. as}. 
Ten @Zidkl classes: 
a, 22 04 0, 02 03 a, 03 22 33 
a2 33 24 2, 32 I3 ; a2 2, 1, O2 34 mod 4. 
a3 3, 34 12 14 0, 14 32 23 0, 
1, 23 a3 12 3, 13 24 
together with 
a, i, (1 +i), (2 + i), i2 
a2 (2ii), (3 +i)2 (3 + i), (1 + i)2 
a3 h (1 + i).t (2 + 93 (2 + i)4 for i = 0.2. 
i4 (1 + i)4 (3 + i)3 (3 + % 
Two classes on H4 x { 1,2,3,4} : 
Oj 3j Oj 21 
lj 2j ’ lj 3i j= 1,2; 3,4. 
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RRP(25,18)-RRP(7,6). Point set (Z, x {1,2,3)) U {ai: i c i 6 S}. 
Twelve parallel classes: 
(11 01 12 a5 4, 23 a1 13 a7 33 
a2 11 4 a6 &2 43 a2 22 2, 12 
a3 02 13 a7 5, 32 ; a3 11 31 51 mod 6. 
a4 21 42 S2 33 a4 23 32 52 
53 31 a5 42 43 53 
a6 4l 01 02 4 
six classes on n6 x { 1,2,3}: 
i, (3 + i)2 il (3+ i), 01 11 
i3 (2 + i)3 (4 + i)3 ; i2 (3+ i)2 ; 21 31 ; 
i3 (3 + i)3 41 51 
i2 (i + 3)3 
11 21 12 22 
31 41 ; ;:: ; s2 42 
51 01 42 52 52 02 
i2 (i + 5), i, (i + 1)3 il (i + 3)3 i E &. 
RRP(25, .l5)-RRP(7,3). Point set (& X (1, 2, 3)) U {ai: 1 d i G 5) U {b,, b,}. 
Subscripts on b are to be evaluated mod 2. 
h 0, l1 a2 22 33 ~5 53 41 bo 03 ~3 22 11 31 13 
b1 02 12 a3 23 31 51 13 ; h 23 a4 2, 51 12 32 ; 
al 2, 32 a4 52 43 42 03 a1 53 a5 52 02 33 43 
a2 01 41 42 
01 31 
4 32 ; 01 52 ; 0, s2 33 mod 6. 
4 33 03 23 43 
RRP(Z5,18)-RRP(7,3). Point set (& X { 1,2, 3)) U {ai: 1 d i =S 7). 
a, i, (3 + i)l a4 (1 + i)2 (2 + i)2 a6 (1 + i)3 (2 + i)3 
a2 (I++ (2+i), a5 (4+i), (5 +i)2 a7 (4+i)3 (5 +i)3 i = 0, 2, 4. 
a3 (4 + i): (5 + iit i2 (3 + i)2 i3 (3 =k i)3 
a~ 12 a7 51 01 4 ~7 52 
a2 42 11 31 Q:! 13 21 53 
a3 52 4, 53 113 43 31 02 
a4 03 4 33 ; a4 11 41 22 ; 01 02 03 ; 
a5 23 32 13 a5 51 42 33 
a6 21 01 %! 43 a6 32 01 12 23 
QI 53 0, 52 
02 22 42 ; 03 23 43 mod 6. 
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RRP(25,2lj-RRP(7,3). Point set E,8 U {ai: 1s i < 7). 
n, 0 a5 11 2,8 
a2 4 a6 14 3, 7 
a3 5 
mod 18. 
a7 16 lo,17 
; 095 ; 0,9 
a4 6 1,9 12, 13, 15 
Note that the pair 05 generates two one-factors on Hlx. 
RRP(29,25$-RRP(ll,7). Point set His U {aj: 1 <i s 11). 
a, 0 a8 9 
a2 1 dg 10 
CL3 3 (110 14 ; 094 ; 099 mod 18. 
u4 4 a,, 17 198 
fag 5 2,a 3, 11 
a6 6 11, 16 
a7 7 12, 13, 15 
Note that the pairs 0,4 1,8 3,ll cover each residue class mod 6 once and so 
generate six one-factors. 
RRP(17, X2)-RRP(5,3). Point set (i& X { 1, 2)) U {ai: 1 s i s 5). 
Nine parallel classes: 
6 42 a5 51 al i, (3+i), 
az 32 1, 3, a2 (1 +i), (2+i), 
~3 12 4, 52 mod6 ; a3 (4 + i), (5 + i), i = 0, 2, 4. 
a4 2, 01 02 22 a4 (1 + i)2 (2 + i)2 
a5 (4 +i)2 (5 + i)2 
i2 (3 + i)2 
Three classes on 26 X { 1,2}: 
01 32 01 42 01 52 mod 6. 
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